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® Affine set/ function
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® Convex optimization

® |agrangian / Dual problem / Wolfe duality

® KKT conditions
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Kernel Function



Classification
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Supervised Learning

Given samples X = ((x1,¥1), (X2, ¥2), -, (Xn, Yn))

|

findd f:X-Y



Demo

http://cs.stanford.edu/people/karpathy/svmjs/demo/
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M

Question 1) 2 &/ 7| (classifier)zt?

Question 2) 2 F77(2| 2& 7|&27

® Bayesian Classifier : Error, Risk& minimize

(Likelihood or MAP 220 A2 2 5 H )
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Decision Hyperplanezx x oo
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4 H (decision hyperplane)

102 S B2 & Yooz gL
® ¢, 2d(x)>02 dY
dx)>0 dx) =0
® ,2d(x) <02 A
€1
otLie| ZEHZ HASI= A2 o= ULCE C,
d(x) <0

=
>
o
3
D
<
D
Q.
o
ot
o]
=
1o
O
0%t
=
ot
o]
=
10
()
>t

olojo| A x, Of| A ZH LK Q| AHE| : p = 250

lwl




=~ Fals

LOi
MO

=X

Constrained optimization problem (primal problem)

minimize  fy(Xx)
subjectto fi(x)<0,i=1,..,m
hi(X) =0 , [ = 1, ey P

® x € R" is the optimization variable.

® f[,:R" - R is the objective function or cost function. (5% 2t=)

® f:R"->R,i=1,..,m,are inequality constraint functions.

® h;:R"->R,i=1,..,p, are equality constraint functions.

® Optimal value p*
p*=inf{f(x) | fi(x)<0,i=1,...mh(x)=0,i=1,..,p}



Affine / Convex

Affine set
® ( c R"is affine — C 22| 2712 M2 LC}E pointE X|Lt= lineO| cOf =& .
o #|2 0|2, W™ or hyperplane 50| UL}

Convex set

® ( c R"is convex — C 2t2| 27{2| M Z CtE pointE X|Lt= line segment”Zt COf| &g Y.

o T2

Affine set (™) convex set (22t¥)



Affine function

Affine function

® a function composed of a linear function and constant (translation)
® in1-dm:y=Ax+C
® in2-dm: f(x,y)=Ax+By+C

® in3-dim: f(x,y,z) =Ax+By+Cz+D

Translation : a transformation consisting of a constant offset with no rotation or distortion



Convex function

f:R™ - R is convex if dom f is convex and

fOx+ (1 -0)yy) <0f(x)+ (1 —-6)f(y)

forvx,yedom f,0<6 < 1.

0f(x) + (1 —0)f(y) 2 minimum

fox+A-0y)

9x+(1—9)y'

f is concave if —f is convex.

dom f: &4 £ BB U 0| Wt 0| YL f7} definesl = YOIt DE E BiCH,



Convex optimization

convex optimization problem
minimize  fy(x)
subjectto fi(x)<0,i=1,..,m

T — :
Eall-X—bi,l—l,...,p
® f, .., [, areconvex.

® h(x)=a/x—b;,i=1,..,p are affine.

® The feasible set of a convex optimization problem is convex.

® Since fi, ..., f,, are convex, Nz, dom f; is convex.
® Since {x | a;x = b;} is hyperplane, N!_,{x |a;x = b;} is affine (i.e convex).

® |n a convex optimization, we minimize a convex objective function over a convex set.




Lagrangian
Lagrangian L: R*"XR"™XRP — R,
m p
LAV) =)+ ) Lfi(x)+ ) vihi(X)
210+

with, dom £ = (N2, dom f;) n (NI_, dom h;)xR™xRP

® J; is Lagrange multiplier associated with f;(x) < 0and A = (44, ..., 1)

® v, is Lagrange multiplier associated with h;(x) = 0 and V = (vy, ..., vp)



Lagrange dual function / Lagrange dual problem

Lagrange dual function g: R™xXR? - R

m p
g(AV) = inf LG6 AV ) = inf (fo(X) + Z JifiG) + Z vihxx))

Lagrange dual problem

maximize g(A V)

subjectto A >0

® g(A V) is concave and constraints are convex, so this is convex optimization problem.

® Lagrange dual problem?| Sll(A*, V*)= primal problem(x*) 32| lower bound= X|-& 3L},
inf L(x*, A%, V™) < fo(x9)

How to make it coincide?



KKT condition and zero duality

If
® [ are convex (=™ &<, inequality constraint)
® h; are affine (equality constraint)
® x*, A%, V™ satisfy KKT condition

Then

® x” is primal optimal and (A*,V*) is dual optimal with zero duality gap.

o = 70| 87} ZotFILt



KKT conditions

(xX)<0,i=1,..,m
h(x')=0i=1,..,p

1,=20i=1,..,m
Lfix')=0,i=1,..,m

Vio(x') + Z2 AV fi(x') + i, viVhi(x') = 0



Wolfe duality

Wolfe duality problem

® f,is convex.

® f;, g; are differentiable. (Lagrange dual problem — Wolfe duality problem)

L(x,AV)
maximize  fo(x) + X% A fi(x) + Zle v;h; (X) /
subjectto A >0

Vo) + EIy AV £00 + S, viVhi(x) = 0

® X||2FZ710| KKT conditionsO = ZH=0]| 0|0] et 2= O] =A[2] & +St= A 0| primal problem?2| di

= A1t S E Ok
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ldea of SVM

SVMZO| concept2 Of#(margin)Of| A A|&}SHCY,

T 220 MZ AL0|2| 0f¥(margin)2| 37|5 SCH3}s P

® OZ(margin): 273 (A 22 H ZHE 70t

Xy 4
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separation band

margin

v
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How to find the best margin?



HME SVM

SVMO| =&
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Problem : marging = C{2}5

—_—

® support vector, x;: =5 &M
2

. d(xs
® margin®| 37| = 2|||(X||)| = Jiwl

= {(xq, t1), (X3, t3), ..

ifx; €Ecy,thent; =1

o SoiXIst
— I=|

® ifx; €Ec,, thent; =—-1

subject to wix; +b=>1

Problem of SVM

a7
(BRI M 9] 9 A2 rescaleO| 7tsa. HOlA 1
(an tn)}
. 2
maximize —
lwl|

VXi € C1

wix;+b < -1 Vx; €Ecy

HE0| 2 I of HHZ O =0 AL,



Primal problem of SVM

2 ey N 2 L o
o L2 ATyt BN & HISES LS A4t BN 2 HET 4 ot

o 1
minimize ](w)=§||W\V||2

subject to  t;(wix;+b)>1,i=1,..,N

° = [lw||2 2XtA] 2 2 O|R 0K 7| =20 OfC}.
] 7t 25 40|7] M=o O|C}.

® inequality constraing THEA|7|= G Y (feasible)2 convex setO| L},
® Primal problem O|Ct.

® Primal problem?| 8l global solutionO| =/},




Primal problem of SVM
Primal problem= Of2iet Z2 &A= HAAZ AO|LC}

Primal problem

ZUE 2[H3 22X
- Lagrangian AHE
- Lagrange dual function A&

Lagrange dual problem

- Objective(Cost) function : convex
- constraints are differentiable.

Wolfe dual problem



Lagrangian / Lagrange dual problem of SVM

Lagrangian of primal problem

® a=(ay .., ay)TE Lagrange multiplierctd StAt o; > 0fori=1,..,N
N

1
L(w, b,a) = Sl = )" a;(t:(w"; + b) = 1)
i=1

Lagrange dual function of primal problem

N
1

g(a) = inf L(w, b,a) = inf (— |lwl|? — Z a;(t;(wi'x; + b) — 1))
w,b w,b \ 2

i=1

Lagrange dual problem of primal problem

maximize g(a) = inlfL(w, b, a)
W,

subjectto a >0



Wolfe dual problem of SVM

Wolfe dual problem

o =Xgtr EIIWII2 £ convex &%=0|LC},
® %I‘l '<'5|-_/IE

o Mlef=a 40| 25 O|F 7hsotCt.

maximize  L(w, b, a) = 1||w||2 —

subjectto a >0, — O —=0
ow

Noai(ti(wix; + b) — 1)

maximize L(a) = Z 12 aatltjxlx

j
subjectto «a; =0, i = 1, ...,N
— “iti =0



Wolfe dual problem of SVM

Lo _ VN 1N YN T
maximize  L(a&) = Xj=q @ — 5 Xj=1 Xj=1 GitiGX; X;
subjectto «;>20,i=1,..,N

i=1 &it; =

Mol sS4 = N/l BRS4 U S 71T 2K} (quadratic) =X & =2| Z(C 2t ZX|O|Ct.

b= FSt= 2|7t OtLl, Lagrange multiplier aE 75t= &AM 2 HA EICH
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23t o] A AHLk(support vector), 22 Q| HFZOf| QULCH.
= 1 < t(w'x + b)

@ =< o etZo AU, XH7[7F £t EFo Ao UL
=0< t(wa+b) <1

® Z2H AA = 4o RHA0| £81X| Y2 2=2o| Ao QUL
= t(w x+b)<0
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separation band

C1 ,®

slack H== ¢ AHE0L0], 37H| 425, otLte] 2= &3

D1<tWwx+b) = =0
t(wIx+b)=1-¢ @0<t(wx+b)<1=0<f<1

® t(wix+b)<0=>¢>1



Obijective function of soft margin SVM
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Obijective function of soft margin SVM
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Primal problem of soft margin SVM

[ft2tM c= H 2o =E |00 ort. \

N
Jow,) = lwl* +C ) &
i=1

p—

2
SHAI FORNBLE, 2UR (M3 2ME R =+ UCH
Primal problem (M3d 22| 2752t &%)

minimize  J(w) =2 [lwl|? + CXY, &,
subject to  t;(wix;+b)=1-¢;,i=1,..,N
€i = O, i = 1,...,N



Wolfe dual problem of soft margin SVM

Lagrangian
1 N N N
£(w,b,E,a,b) = (E Iwii? +¢ ) a) - (Z @it (W + b) = 1+ ) + ) ﬁ@-)
i=1 i=1 i=1
® a= (alr ---;aN), b = (:81' ---;,BN), E= (51' '“'€N)
Wolfe dual problem

maximize L(w, b, = a,b)

(||w||2+cz L&) — Byt (Wi + b) — 1+ &) + T, Bidy)

subJectto a > = ——0——0

a;=0i=1,. / \\ C=a;+p;
atx

11 N

i=1



Wolfe dual problem of soft margin SVM

Wolfe dual problem

maximize L(a)=3YN,a; - Z 12 1aattx Xj

subjectto YM . a;t; =0
0<a;<C i=1,.,N

® 0<a <C:¥ME=2 support vector

support vectorO| L}, margin 2tZ0f ALt



Wolfe dual problem of soft margin SVM

EHol EFME2 KKT =S THEBICL
® (C=a;+p
® B¢ =0
® o(yi(wix;+b)—(1-§))=0
® (=0
a; = C

® $5,=0¢2=20
® (y(w'x;+b)—(1-¢§))=0
= y;(wi'x; +b) <1
a; = 0
® p=C0¢=0
® (y(w'x;+b)—(1-¢))=0
=y (wix; +b) > 1
0< a; <C
o 0<,8i <C, Ei =0
® (y(wix;+b)—(1-¢§))=0
= y;(wlx; +b) =1
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Kernel Function
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FLOM SZFHZS| St Of

®:L->H

o 25 SV HO N2 LEC EAN =Lt

K(x,y) = ®(x) - ®(y)

o 2 ol gt D& el F= HME S| LHX 2| £X0[ ZOtOF StL.



Kernel Function 0| A

X=(x,x%)",y=W,y2)  XVEL
K(xy) = (x-¥)* = x{y7 + 21001 Y, + X5Y5
d(x) = (x2,V2x,x,,x%) €EH
Kxy) = (x-y)?
= X{Vi + 22X, X2)1Y2 + X3Y3

= (xlz,\/le.X'z,xZZ)(yf; ﬁ}ﬁ)’z: yzz)
= O(x) - P(y)



Kernel substitution

Kernel substitution(trick)

® Kernel trickO|2} 1 & LY,
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SVM-AH 2 O X| = ¢
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SVM-7{2 &+9| 55

inl
oot
1z
.
i

K(x,y) = (yx-y+y)P

Gaussian Radial Basis Function <

_ylix-yll?
K(xy) =e 202

Sto|m =28 EHHE 7{'E (Sigmoid 7'2)
K(x,y) = tanh(ax -y + )

® Z= g g0 Cioty] D& =7t EMoK|= B=C0t a =2, g = 10| H§EH &



Mercer Theorm

H Aol HE|0f (2™ 24 K(a, b)7} Mercer's conditionE 25T [, a2t bE O &2 XtI9| CHE F7H0]
0f Eot= K(a,b) = p@)"p(b)2t £€2 &= ¢7t EM. = REHELE ¢7F EXSt= A2 7] E0H K
S HEE AIEY = U,
® K7} Of7iH==0f CHsl H=5
o K=& K(ab) = K(b,a)
Gaussian RBF 22| 2 ¢= 2 =T HEZ £t Xt S7t0f| ofEst7| 20|, 2N =2 0fEH 2 S0
H A OO
= T HADO.
OF AutN ol ™A= & 25T
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ME & SVM
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How to compute a = (a4, ..., ay)

Sequential Minimal Optimization (=X& Z| 2 XX 3}) & O| &S,
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k=l

SMOZ2| 7| & 0}0|C|0f

_

Z (42| = E 0| A= simple versiong CHREZICH)

A
T /1

® ai9| —j'c—l&ll

L= 71205, o, & HM 2T

St™ 0}O|C| O = Coordinate ascentS AFESHL},

Loop until convergence : {

Fori=1,..m,{

@; = argmax W(aq, ..., 0;_1,&;, Xjpq, )

—

5SS A

ay)

O 2 N™A|IZl = WE optimize Al ZIC}.


https://www.microsoft.com/en-us/research/wp-content/uploads/2016/02/smo-book.pdf

SMOZ2| 7| & 0}0|C|0f

MZF & Attt (MZ22 oy IH 22| optimization2 2 £ H LI3)
Appendix 1

oS Z M 2 5 QUCHH next i continue

@S AHS S 4 YT o, b2 MEH A
Appendix 2

£|MSHEl BLIZK| $40] 0| SLEE QICHY, ¥HE S14 M 1 BT+ AIZICH



Simplified SMO & 112|&

o BIIX| 2 a0 (IS ElE ME Q| & Zh(r,) Tt SVMA A ZIHNY, a;t,xTx; + b)2| XH0|7} 618 7453 X (tolerance)

® 0| R0 o;E randomdtH| M EH
MEZ2 ad| CHo b= FHOHL.
® MZZ q;2t ;7 HEE a

a’ =E WX 2] Tp2

d= gr=otrt.

o A|HIE(HALE) BtORK| S50 Mol ALK o



Summary
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AppendiX(Advanced)

a]- :I'I'-é-l'jl

a;, b 7ot7|



0 < a; < CE BEAIZ|7] ABHO) 22 o= C}20] 492 715 N[} b
® o, +a;=y(t=t))
® y>(C

* OSOIjS]/

L =max(0,a; + a; — C), H = min(C, a; + a;)

® o, —aqa;=y(t #t))
® y>0

* —)/SajSC

L = max(0,a; — a;), H=min(C,C + a; — a;)



From here!
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tia; + tja; = Const.



tj
where im1
— T
n = Xi X; X; X]X]
|f aj > H
|f L < aj < H
|f aj <L



bl =pb— Ei — ti(ai — alpld)X?Xi — tj(aj — ajpld)X’{Xj

b, = b —Ej — t;(a; — a?" )x[x; — t;(aj — /'* )X x;

[ b, if 0<aq;<C

p— | b if 0<aq;<C

M2y — by +b; if otherwise
2
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